arXiv: 1504.00775vl [math.CV] 3 Apr 2015 


Weighted Bergman-Dirichlet and Bargmann-Dirichlet spaces of order nr. 
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Abstract 

We introduce new functional spaces that generalize the weighted Bergman and Dirichlet spaces on the disk D(0,R) 
in the complex plane and the Bargmann-Fock spaces on the whole complex plane. We give a complete description of 
the considered spaces. Mainly, we are interested in giving explicit formulas for their reproducing kernel functions and 
their asymptotic behavior as R goes to infinity. 
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1. Introduction and main results 


Let B be the unit disk in the complex plane C and denote by 1) Y ; y e 1, the functional space of all analytic 

+oo 

functions f(z ) = 2 a nZ n on D such that its norm ||/|| is finite, where 

n =0 


I I/I ly := 23" + 

n =0 


Thus for special values y — -1, y — 0 and y - 1 we have the Bergman, Hardy and Dirichlet space, respectively. 
More general, D y is a weighted Bergman space when y < 0 and a weighted Dirichlet space when y > 0. Such 
spaces play important roles in function theory and operator theory, as well as in modern analysis, probability and 
statistical analysis. For a nice introduction and surveys of these spaces in the context function and operator theories, 
see 01100]' and the references therein. 

Added to the sequential characterization, the weighted Bergman space can be described differently. It can be 
realized as the (1 - \z\ 2 ) a dA square integrable functions on B that are holomorphic on B 

^(B) := L 2 (B; (l - |z| 2 )‘" dA) n 'HoZ(B), (1) 


where dA(z) = dxdy - jdz A dz with z = x + iy, x,y e K., is the two dimensional Lebesgue area measure. The 
corresponding reproducing kernel is known to be given through 


K a (z, w) 


(or + 1) / 1 y 

n \ 1 - zw ) 


( 2 ) 
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While the classical Dirichlet space can be defined as the class of analytic functions f(z) 
semi-norm defined by the Dirichlet integral 


+OO 

Y a n z n on D for which the 

n—0 


D(f):= \f'(z)\ 2 dA(z) = yn\a n \ 2 

Jo ti 


is finite. A More convenient norm to use on the classical Dirichlet space is the following 

ll/lll 0 :=l/(0)| 2 + - f | f(z)\ 2 dA(z). 
n Jd 

The reproducing kernel of the classical Dirichlet space with respect to this norm is known to be given by ||T|] 

K(z',w) = -|l + log ( _ )|; z,weID>. 

n \ \1 -zwjj 


(3) 


In this paper, we intend to introduce and study two new classes of functional spaces on the disc Dr of radius R as 
well as on C, labeled by some fixed nonnegative integer m. The first one on Or is denoted D1 2 ;'’ h (Dr), a > -1, and 
called weighted Bergman-Dirichlet space of order in. It generalizes the classical Bergman and Dirichlet spaces, and 
consists of all convergent entire series on Dr whose the norm IMUmR defined through ( II II ) below is finite. Our main 
results concerning (Or) are summarized in the following 

Theorem 1.1. The space (Or) is non trivial if and only if a > —1. In this case (Dr) is a reproducing kernel 
Hilbert space. Its reproducing kernel is given explicitly in terms of the Fj-hypergeometric function as 


(a+1) (y-! T(a + 2 + «) / zw ^ ( zw) m l 1,1, or+ 2 

jtR 2 I^ T(n + DHff + 2) {'¥j + (w!) 23 “I m+ \,m + 1 

V n —0 ' ' ' 



(4) 


+CO 

Moreover, a function f(z) = Y, a nZ n 

n—0 


Dr belongs to (Dr) if and only if 




= n 



n\T(a + l)R 2n+2 
Y{n + a + 2) 



(n!) 2 r(o' + l)j?2(»-m) + 2 \ ) 

(n - m)lT(n - m + a + 2)J " J 


< +oo. 


Remark 1.2. 1. The special case of R = 1 and m = 0 leads to the weighted Bergman space ©■ In this case, the 

expression of the reproducing kernel in (O reduces further to the Bergman reproducing kernel (0. 

2. For R — 1, a = 0 and m — 1, the corresponding space is the classical Dirichlet space. In this case the 
expression of the reproducing kernel <|4]) reduces further to the reproducing kernel given through 0 of the 
classical Dirichlet space. 

What we do in the construction of (Dr) works mutatis mutandis to introduce and study their analogues on 
the whole complex plane C, the Bargmann-Dirichlet spaces S 2 ; V (C) of order m (see Section 3). The following is the 
analogue of Theorem ll.ll for these spaces. 

Theorem 1.3. The space S 2 ; V (C) is a reproducing kernel Hilbert space. Its reproducing kernel function is given in 
terms of the iFz-hypergeometric function by 


K(z,w)=- 


V 

'm— 1 

V' 

(vzw) k 

{zw) m u { 

1,1 


71 

U=o 

k\ 

T 2 (m+1) 2 ^ 2 \ 

m + 1, m + 1 

vzwj 
' > 


Moreover, a function f(z) = Y a nZ n belongs to 2> 2 ; V (C) if and only if 

n—0 


1 

I 

ln=0 


,/H+l 


\ O,, | + 


2 


( n \) 2 


v" m+ Hn — in )! 


< +oo. 


(5) 


( 6 ) 
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Remark 1.4. For m = 0, the space &l', v (C) is the Bargmann-Fock space, consisting of holomorphie functions on C 
that are e v ^ d A-square integrable. Its reproducing kernel function is known to be given by 

K v (z,w ) = (l)e vzW - 

Motivated by the fact that the flat hermitain geometry on C can be approximated by the complex hyperbolic 
geometry of the disks Dr of radius R > 0 associated to an appropriate scaled Bergman Kahler metric (2] (see Section 
4), we show that the spaces S 2 ; V (C), with a = vR 2 , can be seen as the limit of the spaces (Dr) as R goes to 
infinity, in the sense that we have 

Theorem 1.5. For every fixed nonegative integer m, the reproducing kernel K' R R m (z,w) of the weighted Bergman- 
Dirichlet space (Dr) converges pointwisely and uniformly on compact sets of C X C to the reproducing kernel 
function of weighted Bargmann-Dirichlet space S,"„’ V (C). 

The paper is organized as follows. In the succeeding sections (Sections 2 and 3), we discuss the proofs of our 
main results, Theorems o and 11.31 stated in this introductory section. Moreover, we give a complete description 
of the considered Hilbert spaces J^'"(IDr) and S 2 ,’ V (C), including the explicit formulae for their reproducing kernel 
functions. In Section 4, we show that the Zr-eigenprojector kernel of (Dr) on Dr gives rise to its analogue of 
S 2 ; V (C) on C by letting R tends to infinity. 


2. Weighted Bergman-Dirichlet spaces of order m on the disk Dr 

Denote by Dr = {z e C; |z| < R] the disk of radius R > 0 in the complex plane C. For given a e R, let 
L?( Dr; dp a jt) := L 2 (Dr; dp aR ) be the space of complex valued functions on Dr that are square-integrable with respect 
to the density measure 

dpajtiz ) = 1 - 


dA(z), 


(7) 


dA being the two dimensional Lebesgue area measure on C. The space L 2 (Dr; dp a ,R ) is a Hilbert space in the norm 


II/II^r := f l/(z)l 2 duajfc) 
yJ ED/; 

corresponding to the hermitian scaler product 

(f’g) a ,R : = f f(z)g(z)dp a , R (z). 


( 8 ) 


(9) 


By Hol( Dr), we denote the vector space of all convergent entire series f(z) = 
arbitrary nonnegative integer m — 0,1,2, • • •, we can split any / e FIoIGAr) as 


+oo 

2 a„z n on Dr. Note that, for a given 

n =0 


f(z) = f\,m(z) + f 2 .m(z). 


( 10 ) 


where 

m— 1 +oo 

f\,m(z) := 'Yj Un ^' and fgmiz) ■= 2 U = /(z) ~ ft,m(z) 

n =0 n=m 

so that / (m) = /j , with the convention that f\$(z) = 0 when m = 0. Thus for any fixed nonnegative integer m, we 
consider the functional space ^^'“(Dr) of all / e F(ol(H) R ) such that 


II a,m,R 


■■= ll/u 


AmW 

'z,m\\ ai R 


< +oo. 


( 11 ) 
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We denote by (, ) a m R the associated hermitian scalar product defined by 

( f,g) a .m,R : = 


ct,R 


( 12 ) 


for given f, g e (D«). 

The aim of this section is to give a concrete description of j(f a m (Dr) and prove Theorem ll.il We begin with the 
following 

Lemma 2.1. Keep notations as above. 

(i) The monomials e n (z ) = Z n are paim’ise orthogonal with respect to the hermitian scalar product (, in (112b . 

(ii) The monomials e„(z) = z n belong to (Dr) if and only if a > —1. 

(iii) For a > —1, we have 


H e »lIcr.m.R _ 71 ' 


R 


,2n+2 n!r(g+l) 
T(n+a+2) 


for n < m 


(13) 


R 2(n-m)+2 -(«!) r(a-+l)- for 11 > 111 

n (n—m)W(n—m+a+2) J u ' ‘ - 111 

Proof For (i), we distinguish three cases. Indeed, we have 

(e„, ef) aR for n, k < m 

(e n ,e k ) a , m , R = 0 for n < m, k>m . 

(n-m)\(k-my. e k-m)a,R f° r n . k > 111 


(14) 


This reduces further to the computation of (e n , e k ) a R , which can be handled using polar coordinates z = rRe‘ e with 
r e [0,1 [ and 8 e [0,27r[. Thus, we have 




/ 

/ 

Jro 


ft 11 


dA(z) 


(rR)" +k e‘ {n ~ k)e (] - r 2 ) a rR 2 drd8. 


[0,1 [x [0,27r[ 


By means of Fubini-Tonelli theorem, we get 

(e>i,ek)a.R = R 


= 2 nR 


" +k+2 Jo r " +k+1( 1 ~ (Jo e ‘ (n ~ k)Bd0 ) 

>n+k+2 ( f* Jt+k+ l/i J2\ 

Jo 


dr 


f +K+ ' (] -ffdr\S n y. 


(15) 


Whence in view of (IT4l) . we conclude that (e n , ef) a m R = 0 for n + k. 

The proof of (ii) follows by taking k — n in (IT5l) and next making use of the change t — r 2 . Indeed, we obtain 


ll e »ll;U = n R 


2n+2 


f f( 1 - 

J 0 


tfdt. 


The involved integral is then a special case of the well known Euler Beta function Up. 18] 

Jo F(x + y) 

provided that %(x) > 0 and 'R()'j > 0. Therefore, the norm m is finite if and only if a > -1. In this case, we 
have 

„2 _ n 2«+2 r (” + l)F(fl'+ 1) 

l|e " ll ^ =7r/? F(n + cr + 2) • 
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By substituting this in llT4l >. it follows 


Iknll 


2 

a,m,R 


_p2/i+ 2 w!r(or+l) 
Y{n+a+2) 


7T p2(n-m)+2 (n!)~r(o-+l) 

A ' ' (n-mV.r(n-m+a+2) 


n < m 


n > m 


Thus the proof is completed. □ 

The first main result of this section is the following 

2 00 

Lemma 2.2. The space (IDr) is nontrivial if and only if a > —1. In this case, a function f(z) = £ a n z" belongs 

n =0 

2 °° 
to (D«) if and only if(a n ) n satisfies the growth condition £ |a«| 2 ||e„|| 2 < + 00 , which reads explicitly as , 

n=0 


II a,m,R 


( m -1 

2 

U=o 


rc!T(or + l)R 2n+2 \ 
Y(n + a + 2) 


j fin? + 


(n!) 2 T(a + l)/? 2( "- m)+2 
(n - m)\Y(n - 111 + a + 2) 


< + 00 . 


(16) 


Proof Lemma 12. 1 1 shows that the monomials z" belong to SB /t " ni COR) under the assumption a > -1. For the converse, 


assume that (Dr) is nontrivial and pick a nonzero function f(z) = £ a„z n such that 

_ n—0 


II a,m,R 


< + 00 . Therefore, 


according to (i) of Lemma l2Tl we get 


11 L. 


= I 2 11^,11, 


2 

a,m,R 


< + 00 . 


n =0 


This implies that \a n \ 2 < +°° for every n and in particular for certain no for which a nQ ^ 0. Thus from (ii) of 

Lemma |2T1 we deduce that a > -1. □ 


Remark 2.3. For R — 1 and a = 0, the spaces (Dr) corresponding to m = 0 and m = 1 can be identified 
respectively to 

[ + °° |^ |2 \ ( +°° \ 

— < +oo l and < (a n ) n > i c C; ^ < +°° 


«=i 


n=l 


which are respectively the sequential characterization of the classical Bergman and Dirichlet spaces. 
Definition 2.4. We will call 2 '^(ID)r), when a > — 1, the weighted Bergman-Dirichlet space of order m. 
From now on we assume that a > -1. 


Lemma 2.5. For every fixed m, the space J?l^’“ +1 (ID)«); a > — 1, is continuously embedded in in the sense 

that 


2 ,a . 


< 


l 


lla,m+1 ,R ■ 


for every f e (©«), where 


C, 


a,R,m 


II a,m,R — 

'~'a,R,m 

R lm Y(a + 2) a 


(17) 


= min 1 


m\Y(m + a + 2) ’ R 2 


In particular, (Us) is continuously embedded in the weighted Bergman space 


’2,a / 


— m 2 ’ a i 
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oo 

Proof. According to Lemma l272l any f(z) = Y a n z n in &l~ a m+l (lD )r) satisfies 

n =0 


l,m + \.R = 2 |a ' !|2 < + °° ; = *"■ 


n —0 


Now by means of o. we get 


lki.ll; 


2 

a,m+l,R 


Iknll; 


i 2 

1 a,m,R 


R lm Y(a+2) .I m2 
m!r(m+Q'+2) ^ 


(n-m)(w-m+or+l) u m2 

r- 11 will a,m,R 


for n < m < m + 1 
for n = m < m + 1 
for n > m + 1 > m 


and therefore 


lkJ„ 


> min 1 


R 2m T(a + 2) a 


m\T{m + a + 2)' R 2 


11 a,m+l,R 

— C a .R,m lknlla,m,« > 

where the constant C a ^ m is independent of n. It is given by 

R lm Y(a + 2) a 
n\T(m + a + 2) ’ R 2 


' d i I Iknll^-mR 


C a .R, m = min 11 


Thus, it follows 


— Ca.R.m ^ knl lknll ff , m ,R ^ Ca,R,m II/IIq^r ■ 
n—0 

This implies in particular that ||/|| 2 mR is finite, so that / e •9^“ (Br) and the embedding mapping is continuous from 
into ^sjiW' This completes the proof. □ 

An other basic property for the spaces J?[ 2 '“ (Or) is the following 

Proposition 2.6. The space ^Ir* (Or) is a Hilbert space and the monomials e„(z) = z n ; n > 0, constitute an orthogo¬ 
nal basis of it. 

Proof. Since ^^’“(Br) is continuously embedded in the weighted Bergman space Jl 2 R a ( Dr), it is not difficult to see 
that is a Hilbert space. What is needed, to show that {e n }„ is a basis of (Dr), is completeness. Indeed, 

let f(z) = Y a nZ n be in the orthogonal of the linear span of (e„)„ in (Jvft (Dr), (•, ■>„,), 

n=0 


f(z) = ^ a„z n 6 ( Span{e„; n > 0}) 

n—0 


Thus, we have (f, e„) a mR =0 for every n. Now, since 


Iknll, 


</,«»>, 


I a,R 


a.m.R ~ a n 


(m !) 2 lkn-,„ll„, s 


for n < m 
for n > m 


it follows that a„ — 0 for all n > 0. This proves 

{0} = ( Span{e m+n ; n > 0})" L(v) “-" , ' R = ( Span{e n ~, n > 0}^ ) J -<v>« A * 


6 










and therefore 


Span[e n ; n > 0} IMI ".. = 

□ 

In order to prove that 3^ (Dr) is a reproducing kernel Hilbert space, we need to show the following 

Lemma 2.7. The point evaluation in Dr is a bounded operation, namely for any fixed z 6 Us, there exists a constant 
C- such that 

\f(z)\ < C z ||/IU, S 

for every f e 3l~ R " n (Us)- Moreover, the mapping z i —* C z is continuous. 

+DO o 

Proof For every f(z) = £ a n z!' e 3l Rm (Dr), we have 

n =0 


=0 


\f(z)\ < Y \a n e n (z)\ = Y 

n—0 

By the Cauchy-Schwartz inequality, we get 

\m\ < 


\e n (z)\ 


(M ll^nllar,m,/?) • 


+°o . , v|2 \3 +oo 

^ Mz) r 


n =0 11 11 a,m,R 


Y^Went,^ 


\n= 0 


Thence, / satisfies the pointwise estimate \f(z)\ < C- 

C 7 := 


L.m.R > where C z stands for 


t +«> i , ,,2 t 

^ I e„(z)r 


n =0 


Thus, the evaluation mapping 8 Z : / h-> /(z) is a continuous linear form on jC R a m (Us). □ 

Therefore 3K r’“ (Dr) is a reproducing kernel Hilbert space by Riesz representation theorem, whose the reproducing 
kernel function is given explicitly in terms of the 3 /-Vhypergeometric function |3>, Chapter 5], 


3^2 


a,b,c \ _ y (a)k(b)k(c)k x k _ 
(a') k (b') k k\’ 


M < 1 , 


where (a) k = a(a + 1) • • • (a + k - 1) is the Pochhammer symbol. Namely, wa have the following. 
Proposition 2.8. The reproducing kernel of a) is given by 


KlmM = 


(a+ 1 ) [ 


7tR 2 


j^(o + 2)„ 

U=o 


(zW (zw)" 


n\R 2n (ml) 2 


3 F 2 


1 , 1 , or + 2 
m + 1, m + 1 


( 18 ) 


Proof. Recall from above that (z") n > 0 is an orthogonal basis of the reproducing kernel Hilbert space 31 (Dr). There¬ 
fore, the reproducing kernel function K“ m (z, w); z, w e Dr, of 3^ a (Dr) can be computed by evaluating the sum 


+°° n—n 


K rJz, w) = Y 


zw 


n =0 


More explicitly, we have 

1 (y F(a + 2 + n) (zw)" y T(n -m+\ )T(a + 2 + n-m) (zw)" ) 
r,„,U, w) - nRl |Zj r( „ + 1)r(ff + () R in + Z j p2(n + l)r(ff + 1) j ‘ 
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By means of (a + l)r(a + 1) = r(ar + 2) and the change of index n - m = p, we get 


K a R . m M = 


(g+D 

JlR 2 


y— 


T(a + 2 + n) (zw\" 


r(n + l)F(a + 2) \R 2 


+oo 2 




P =0 


T 2 (p+mcy + 2 + p){w)" 

r 2 (p + m+ 1 )r(a + 2) p! 


Finally, since F(p + 1) = (1)^, F(p + m + 1) = m\(m + 1 ) p and = (a + 2) p , it follows 

K a (v t ^ + ^ j V + 2 )„ / (zvv) m y (l) p (l) p (a + 2) p (#) 
R,m nR 2 n\ \/? 2 / (m!) 2 ^ (m + l) p (m + l) p /?! 


(ar+l) 


n=0 
f m— 1 


l n=0 


C zW (zw)" 


nR 2 n\R 2n (/ 77!) 2 3 2 


1 , 1 , a + 2 

777 + 1,7W + 1 


This completes the proof. 


□ 


Remark 2.9. Making use of the fact 2 F 2 
formula GBJ reads simply 


( a,a,c 

,1 

1 a, a 

1 


x = (1 - x) c , we see that for the special case of m = 0 , the 


KUz,w) = 


(a+1)1 R 


a+2 


nR 2 \R 2 - zw) 

which corresponds to the reproducing kernel of the weighted Bergman space on ro* ((&!)). 

Remark 2.10. For R = 1, a — 0 and m = 1, the corresponding reproducing kernel reduces further to be the 
reproducing kernel the classical Dirichlet space, 


K‘ffz, w) = - (l + zw 2 F\ I 


w . || = I( i + |n ( T l_ 


thanks to the transformation /§ p. 109] 


xiF 1 


1,1 

2 


x = In 


1 - x 


We conclude this section by noting that the proof of Theorem ll.il stated in the introductory section, is contained 
in the previous established results (essentially Lemmas 1 2.7 1 and [2721 and Pronositions l2.6l and l2.8l >. 


3. Weighted Bargmann-Dirichlet spaces of order m on the complex plane 

Fix a real number v > 0 and denote by Zr((C; e~ v ^~dA) the usual Hilbert space of all square-integrable functions 
on C with respect to the Gaussian mesure dp v (z) = e~ v ^ dA(z). The hermitian inner product is defined by 


and the associated norm by 


( f,g) v -= f f(z)g(z)e v,zl2 dA(z), 

J c 

ll/llv := f I 

Jc 


\f(z)rdp v (z). 


(19) 


( 20 ) 


For fixed nonnegative integer m = 0,1,2, • • •, any f(z) = £ a„z" in the vector space Flo 1(C) of all convergent entire 

n =0 

series on C, can be written as f{z) = fi, m (z) + fi.miz), where 


m— 1 


/i,m(z) := y a„z" and f 2 , m (z) := ^ a n zf. 


n =0 
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Then, one can perform the functional space S 2 ; V (C) of all entire functions / e 'Hol(C) such that 


Am) I 


ii/C := IML + II A 

Notice that the hermitian inner product (•, -) vm associated to the norm 


< +oo. 


, is given through 


(/’<?)y,m • 




<m) 


(m)\ 
°2 ,m/ v 


( 21 ) 


Lemma 3.1. The monomials e„(z) = Z n ; n > 0, belong to B^fiC) and are pairwise orthogonal with respect to the 
hermitian scalar product ||-|| Km , with 


Iknll 


for n < m 
--tt for n > m 

v" "' + 1 r(n-m+l) J 


0 n\Y 


( 22 ) 


Moreover, a function f(z) — £ a„z" belongs to Slf(C) if and only if 

n =0 


(«!) 2 


n =0 ' ' n-m ' 


yit m+l( H _ m y 


< +oo. 


(23) 


Proof By definition (l2Tll of |H| ym , it is not difficult to see that (e n , ef) vm := ( e n ,ef) v when n,k < m, (e n ,ef) vm := 
(n-m)\(k-m)\ ( e n-m, £k-m) v when m < li, k and (e n , ef vm = 0 otherwise. Thus, the first assertion follows making use of 


the well established formula 




which can be handled using polar coordinates z - re' and the change t = vr~, combined with the known facts 

'•'2/r 


nln r*+oo 

I e l(n ~ k)s d6 = 2n6 n ^ and I fe~ , dt = n\. 

Jo Jo 


Finally, (l23l > follows by orthogonality of the monomials in 'Biff2) keeping in mind the explicit expression of ||e„|| 2 m 
given through (l22l > and the fact that the series / belongs to £> 2,V (C) if and only if ||/|| 2 m is finite. □ 

Remark 3.2. Form = 0, the considered space is to the classical Bargniann-Fock Hilbert space B 2,V (C) if (C; e~ v ^T/,ijn 
‘HolfZ). While form = 1, it reads simply 

BffO := {/ e 'HoKQ, C/(0)| 2 + £ |/'(z)|V^rMfe) < +<x,}. 

Definition 3.3. We call Bj„ V (C) weighted Bargmann-Dirichlet spaces of order m. 

Lemma 3.4. For every fixed nonnegative integer m, the space BJffiC) is continuously embedded in Sjf(C). More 
precisely, there exists a constant C v , m depending only in v and m such that 


<C, 


v,m — ’-'v.m I \J lly m+ l ■ 


In particular, the weighted Bargmann-Dirichlet space B 2 f ( C) is continuously embedded in the classical Bargmann- 
Fock space. 

Proof. It is similar to the one given for Lemma [231 □ 

Thanks to the previous obtained results, one can proceed exactly as in the proof of Proposition ^. 6l and Lemma l231 
to show the following 
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Proposition 3.5. S^; V (C) is a Hilbert space and the monomials e n (z) = z n \n >0 constitute an orthogonal basis of it. 
Moreover, the evaluation map S z : / i—> f(z), for fixed z £ C, is a continuous linear form on 2^; V (C) and satisfies 


\.f(z)\ < C z 


for every f e where 


Q = 


t + °° ■ g |2 


z 


W7=0 ll^ ,( llv,77 


This shows that Sjf '(C) is a reproducing kernel Hilbert space. Its reproducing kernel function is given explicitly 
in terms of the o/C-hypergeometric function (S Chapter 5]), 


2F2 


a, b 
a',b' 


Y' C a)k(b)k 2 

2-1 


k=0 


(a') k (b’) k k\ 


More precisely, we assert 

Proposition 3.6. The reproducing kernel of space S^; V (C) is given by 


K v m (z,w) = - 
n 


f m— 1 

z 

\n =0 


v"(zW (zW 


(m\y 


2 F 2 


1,1 

m + 1 ,m+ 1 


vzw 


Proof We have 


K v m (z,w) = Y J 


+°° n—n 
- Z W 


n =0 111 v,m 
' m— 1 


Z 

V«=0 

m— 1 


v’fzW + 0* - m)\v n -” , (zw) n 


nl 


(nl) 2 


v"(*w)" (zmO* 


Z vuv 
nl 

\n—u 


+00 2 


r 2 o« + 1 ) 


z 


T-(/h + 1 )T\n - m + 1 ) (vzw) n 


T 2 (n + 1 ) 


(n - m)\ 


V 

f v y"(zW 

(zw) m „ t 

1,1 


7T 

Z M 

\n= 0 

+ (ml) 2 2 2 \ 

m + 1 , m + 1 

vzw] 


This completes the proof 


(24) 


□ 


Remark 3.7. For m — 0, we recover the reproducing kernel function of the Bargmann-Fock space which is known to 
be given by 


K 


' fc,v) = 0 ‘ 


4. Weighted Bargmann-Dirichlet spaces as limit of weighted Bergman-Dirichlet spaces 

The complex space C endowed with the flat metric dsf - dzMdz can be seen as a Kahlerian manifold. It is shown 
in J 2 I 1 that the flat hermitain geometry on C can be approximated by the complex hyperbolic geometry of the disks ID/? 
of radius R > 0 associated to the scaled Bergman Kahler metric 

/?4 

In fact, the holomorphic sectional curvature kr of the complete Kahlerian manifold (Dr, ds 2 ), which is known to be 
a negative constant, kr = -4/R 2 , tends to 0, the flat curvature of (C, dsf). Moreover, the measure dp a ,R on Dr is the 
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one associated to the metric ds 2 R . It converges to the volume measure associated to ds^, when R goes to +oo, being 
indeed 


lim 


1 - 


vR- 


dA = e dA. 


R 


R 


Thus we have instead of general a > -1, we consider the particular case of a — vR 2 with v > 0, so that 


lim diu a R = du v . 

R —»+oo 

The main result of this section concerns the pointwise convergence of the reproducing kernel functions. 

Theorem 4.1. Let K Rm with a = vR 2 (resp. K' m ) be the the reproducing kernel of the weighted Bergman-Dirichlet 
(resp. Bargmann-Dirichlet) space of order m. Then, we have 

lim K;%(z,w) = K v m (z, w) 

R ->+oo ’ 


for every fixed (z, w)eCxC. 

The proof of this theorem, follows by making use of the explicit expression of the reproducing kernels K v Rm and 
K' m as given by (12.8b and (l24l >. respectively, combined with the following lemma 

Lemma 4.2. For every fixed £ e C, we have 


lim 


p+l r p 


a i, ■ ■ • ,a p ,c + p 
a \,'•• , a' 


- p 
p r p 


Cl\ 9 ' * * 5 &p 

n f . . . nf 
U 1 ) 1 




(25) 


where aj,a'jt j = 1, ■ • • , p, are complex numbers. Moreover, the convergence is uniform on compact sets of C" 

Proof It can be checked easily in a formal way. For a rigorous proof, one can proceed exactly as in jz] for p = 1. □ 

Remark 4.3. According to Lemma \4.2\ the convergence in Theorem W. l\ ofthe reproducing kernel functions is uniform 
in z, wfor z, w in any compact set of C X C. 
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